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Abstract. We prove that the number of unit distances among n planar
points is at most 1.94 · n4/3, improving on the previous best bound of
8n4/3. We also give better upper and lower bounds for several small
values of n. Our main method is a crossing lemma for multigraphs with
a better constant, which is of independent interest, as our proof is simpler
than earlier proofs.
Keywords: Unit distance graphs · Crossing lemma · Multigraphs.
1 Introduction
Call a simple graph a unit distance graph (UDG) if its vertices can be represented
by distinct points in the plane so that the pairs of vertices connected by an edge
correspond to pairs of points at unit distance apart. Denote the maximal number
of edges in a unit distance graph with n vertices by u(n). Erdo˝s [6] raised the
problem to determine u(n) and this question became known as the Erdo˝s Unit
Distance Problem. Erdo˝s established the bounds n1+c/ log logn ≤ u(n) ≤ O(n3/2).
The lower bound remained unchanged, but the upper bound has been improved
several times, the current best has been O(n4/3) for more than 35 years [18]. For
a detailed survey, see [22].
It turned out during the Polymath16 project1 that improved bounds even for
small values of n might give better bounds for questions related to the chromatic
number of the plane. Our goal is to give an explicit upper bound, thus a constant
factor improvement of the O(n4/3) bound. Prior to our work, the best explicit
constant (we know of) is the one derived from an argument of Sze´kely [20],
which gives u(n) ≤ 8n4/3 for all n. Our main result is the following constant
factor improvement.
Theorem 1. u(n) ≤ 3
√
29
4 n
4/3 = 1.93... · n4/3.
⋆ Supported by grants LP2017-19/2017 and EFOP-3.6.3-VEKOP-16-2017-00002.
1 See https://dustingmixon.wordpress.com/2018/04/14/polymath16 and Section
4.3 in web.cs.elte.hu/blobs/diplomamunkak/msc_mat/2019/agoston_peter.pdf.
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Our proof is based on a careful examination of Sze´kely’s argument to get
rid of a few extra factors, an improved multigraph crossing lemma2 and some
simple observations about unit distance graphs. In general, any improvement in
the crossing lemma also improves our constant. To be more precise, if cr(G) ≥
cm
3
n2 −O(n), then u(n) ≤ 3
√
1
4cn
4/3 +O(n).3
The rest of this paper is organized as follows. In Section 2 we state and prove
the multigraph crossing lemma. Using this, in Section 3 we prove Theorem 1.
We examine the best bounds for small n in Section 4. In Section 5 we prove
u(15) = 37, the first value that was not determined yet. Finally, in Section 6 we
make some concluding remarks.
2 The multigraph crossing lemma
Draw a (not necessarily simple) graph in the plane so that vertices are mapped
to points and edges to simple curves that do not go through the images of the
vertices other than their endpoints’, no three edges intersect at the same point,
apart from vertices and no two edges have infinitely many common points. The
crossing number of a graph G, denoted by cr(G), is defined as the minimum
number of intersection points among the edges of G in such drawings, counted
with multiplicity. The crossing lemma, which was first proved by Ajtai, Chva´tal,
Newborn, Szemere´di [2] and, independently, by Leighton [12], is that for any
simple graph cr(G) ≥ Ω(m3n2 ) if m ≥ 4n, where n is the number of vertices and
m is the number of edges. The hidden constant has been improved several times;
the current best is the following result.
Lemma 1 (Ackerman [1]). If a simple graph has n vertices and m edges, then
cr(G) ≥ m329n2 − 35n29 . Moreover, if m ≥ 6.95n, then cr(G) ≥ m
3
29n2 .
In a multigraph, we allow several edges to connect the same pair of vertices.
These are called parallel edges and the multiplicity of an edge is the number of
parallel edges to it (including itself). Say that two parallel edges, e and e′ are
close if
(i) they do not intersect apart from their endpoints,
(ii) no vertices or crossings occur in the bounded region S bordered by them,
(iii) for any other edge f , all connected components of f ∩ S connect e and e′.
Note that given any drawing and any edge e, we can always draw a new edge
that is close to e.
Let cr(n,m) be the minimum of cr(G) over simple graphs with n vertices
and m edges, and cr(n,m, k) be the minimum of cr(G) over graphs with n
2 Note that in an earlier version of this paper, that appeared in the EuroCG ’20
proceedings, we have proved the weaker bound 2.09n4/3 ; our new improvement is
due to our new multigraph crossing lemma.
3 A similar constant factor improvement was made by Pach et al. [13] for the Sze-
mere´di-Trotter theorem.
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vertices and m edges, each of which is with multiplicity at most k. Note that
cr(n,m) = cr(n,m, 1). We will also use the local crossing number, lcr(G) of a
graph G, defined [10] as the least number of crossings that must occur in any
drawing of G on the edge that has the most number of crossings on it.4 Note
that lcr(G) ≥ 2cr(G)/|E(G)|. Denote by lcr(n,m) the minimum of lcr(G) over
simple graphs with n vertices and m edges. Note that it is possible that for any
such graph cr(G) > cr(n,m).
It has been long known that cr(n,m, k) = Ω(k2 · cr(n,m/k)) and this is best
possible when m ≥ 4kn, but the known constants were weaker in the multigraph
crossing lemma, like in the original proof of Sze´kely [20], though sometimes the
proof also worked (with a slight modification) for multigraphs with the same
constant, as in [13]. We show with a simple proof that the constants are in fact
the same, more precisely, the following holds.
Lemma 2. k2 · cr(n, ⌊mk ⌋) ≤ cr(n,m, k) ≤ k2 · cr(n, ⌈mk ⌉).
Moreover, if s = ⌊mk ⌋ and r = m− ks = m (mod k), then
k2 · cr (n, s) + rk · lcr (n, s) ≤ minG
(
k2 · cr(G) + rk · lcr(G)) ≤ cr(n,m, k),
where the min is over all simple graphs with n vertices and s edges.
This improved constant leads to (constant factor) improvements in several
theorems; see [14,17,20]. Moreover, our proof is also much simpler than the
standard textbook proof, which goes by dividing edges according to the log
of their multiplicities and a calculation.
Proof. The upper bound follows from taking a simple graph with n vertices,
⌈mk ⌉ edges and cr(n, ⌈mk ⌉) crossings, and converting it into a multigraph with m
edges by taking (at most) k copies of each edge, and drawing each copy close to
the original edge. This way in the multigraph there are (at most) k2 times as
many crossings as in the simple graph.
To prove the lower bound, take a graph G with n vertices, m edges and edge
multiplicity at most k such that cr(G) = cr(n,m, k). Take a drawing of G in
which the number of crossings is cr(n,m, k). First, we will change the drawing
of G.
Suppose that there are two vertices that have parallel edges between them
that are not close. Take an edge e between them which has the least number of
crossings with edges not parallel to it, and redraw all the other parallel edges
close to e. After the redrawing, edges parallel to e do not cross each other, and
the number of crossings with other edges did not increase. So the new drawing
has at most as many crossings as the original one.
With repeating this for each pair of vertices, if necessary, we can get a drawing
of G with cr(n,m, k) crossings, and all parallel edges close.
In the next step, we will not only change the drawing, but even modify G.
Say that an edge is full if there are k−1 edges parallel to it. Suppose that e1 is
a non-full edge, e1 and e2 are not parallel, and e1 has no more crossings than e2.
Then we can redraw e2 parallel to e1 close to it. This step does not increase the
4 This is the smallest number for which G is lcr(G)-planar.
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number of crossings, as all crossings between e1 and e2 are eliminated, and the
number of crossings between e2 and other edges did not increase. In fact, since
cr(G) = cr(n,m, k), we know that the number of crossings cannot decrease, so
it remains the same. But this implies that e1 and e2 must have the same number
of crossings. As this must hold for any pair of non-full edges, we can redraw any
of them to be close. If there are at least k non-full edges, with such redrawings
we can make k of them full.
So in the end we can obtain a graph G′ that has cr(n,m, k) crossings and
less than k non-full edges, which are parallel to each other. Denote by G1 the
simple graph obtained from G′ by taking only one copy of each full edge. Since
any crossing in G1 corresponds to k
2 crossings in G′, we proved cr(n,m, k) ≥
k2 · cr(n, ⌊mk ⌋).
Moreover, each non-full edge of G′ has at least as many crossings as any full
edge, so at least k · lcr(n, ⌊mk ⌋), in fact, at least (k2 · cr(G1) + rk · lcr(G1)).
First we state a very special case of Lemma 2 that we will need for small n.
Corollary 1. If G is a graph with n ≥ 3 vertices and m edges and all edges
have multiplicity at most 2, then cr(G) ≥ 2m− 12n+ 24 if m is even.
Proof. This follows from plugging in cr(n, s) ≥ s− (3n− 6) to Lemma 2.
Next we state the bound that we will use for general n.
Corollary 2. If G is a multigraph with n vertices and m ≥ 6.95nk edges and
all edges have multiplicity at most k, then cr(G) ≥ k2 · (⌊
m
k ⌋)3
29n2 .
Proof. The statement follows from Lemma 1 and Lemma 2.
Corollary 3. If G is a graph with n vertices and m ≥ 13.9n edges and all edges
have multiplicity at most 2, then cr(G) ≥ m358n2 if m is even.
Proof. This is a special case of Corollary 2.
3 Proof of the improved bound
Fix a UDG on n vertices with u(n) edges and the images of the vertices of one
of its planar realizations; denote these n points by P and the UDG by G. In the
following, we do not differentiate between vertices and their images. Note that
due to the maximality of G, any two points at unit distance form an edge.
The statement is trivial for n ≤ 2, so we only have to prove it for n ≥ 3.
First, suppose that all vertices of G have degree at least 3. Now, similarly
to Sze´kely [20], we can draw unit circles around all the vertices of G. Note that
whenever two points are unit distance apart, their circles will be incident to one
another. Divide the circles into circular arcs with the points that fall on them.
This way we obtain exactly
∑
v∈G
degG(v) = 2u(n) circular arcs.
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Define a graph H whose vertex set is the same as G’s, and its edges are these
circular arcs. Since for any pair of vertices there are at most two circles including
both of them, and they are connected by at most one arc on the same circle,
as at least 3 vertices fall on each circle, the multiplicity of any edge is at most
2. So H is a graph with n vertices and 2u(n) edges, with edge multiplicity at
most 2. In the above described drawing of H , there are at most 2 · (n2) ≤ n2 − n
crossings, since all pairs of circles cross at most twice.
Now we have three cases:
1) If u(n) ≥ 6.95n, then from Corollary 3, we get that cr(H) ≥ 8u(n)358n2 =
4
29 · u(n)
3
n2 , and thus
4
29 · u(n)
3
n2 ≤ n2 ⇒ u(n) ≤ 3
√
29
4 · n4/3.
2) If u(n) < 6.95n and n ≥ 47, then 6.95n < 3
√
29
4 · n4/3, so the statement is
true.
3) If n ≤ 380, then we can lower bound the intersections among these
unit circles in the following way. For a vertex v with degree deg(v), there
are exactly
(
deg(v)
2
)
pairs of circles that intersect in v. Therefore, we have
n2 − n ≥ ∑v
(
deg(v)
2
)
≥ n ·
(∑
v
deg(v)/n
2
)
= u(n)
(
2u(n)
n − 1
)
from Jensen’s
inequality. From here an elementary calculation gives u(n) < 3
√
29
4 · n4/3 when
n ≤ 380.5 Moreover, quite surprisingly, this simple bound (combined with a lin-
ear lower bound for the number of crossings in H) beats the best previous bound
for small n starting from n = 25. (These values can be found in Table 1.)
So the only case when G can have more than 3
√
29
4 · n4/3 edges is if the
assumption that all vertices have degree at least 3 is false. Now suppose that G
has the smallest number of vertices among those UDGs that do not satisfy the
upper bound. Then by removing a vertex with degree at most 2, we can get a
UDG with n − 1 vertices and at least u(n) − 2 edges. But since 3
√
29
4 · n4/3 −
3
√
29
4 · (n−1)4/3 > 2 for n ≥ 3, this would mean that the obtained UDG on n−1
vertices also does not satisfy the upper bound, contradicting the assumption
that G was the smallest such UDG.
This finishes the proof of Theorem 1.
4 Best bounds for n ≤ 30
In Table 1 we list the best known bounds, along with constructions. For n ≤ 14,
the exact values of u(n) were known, established in the thesis of Schade [16],
while u(15) = 37 is our contribution (see Section 5).
5 Note that in the later parts of our proof we could also reduce cr(H) with u(n)( 2u(n)
n
−
1) using this argument, but it would not change its order of magnitude or effect the
constant we obtain.
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n u(n) Lower bounding graph(s)
1 0
2 1
3 3
4 5∗
5 7∗
6 9∗
7 12
8 14∗
9 18
10 20∗
11 23∗
12 27
13 30∗
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n u(n) Lower bounding graph(s)
14 33∗
15 37
16 41 or 42∗
17 43–47
18 46–52
19 50–57∗
20 54–63
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n u(n) Lower bounding graph(s)
21 57–68∗
22 60–72
23 64–77
24 68–82
25 72–87
26 76–92
27 81–97
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28 85-102
29 89–108
30 93–113
Table 1: Bounds for the maximal number of unit distances u(n) among n planar points.
For n ≤ 13, the drawn graphs are known to be the only maximal UDGs.6 In
general, the upper bounds can be obtained using the inequality u(n) ≤ ⌊ nn−2 ·
u(n − 1)⌋ (for n ≥ 3), which is true because the edge density of the maximal
UDGs with n vertices is monotonously decreasing in n as all subgraphs of a
UDG are also UDGs. This was observed by Schade, who sometimes also applied
additional tricks – the values where such tricks are needed are denoted by a star.
For n ≥ 15, the lower bounding graphs are also by Schade, with the exception
of the ones for n = 29, 30, and the second graphs for n = 19, 28, which are our
improvements based on graphs by Schade. The upper bounding values from
n ≥ 22 are also our improvements, derived from the following refinement of the
inequality n2 − n ≥∑v
(
deg(v)
2
)
. (The improved values are marked in bold.)
For the refined inequality, recall that n2 − n ≥ cr(H) +∑v
(
degG(v)
2
)
where
G is a unit distance graph and H is the graph obtained from G, as described
previously, with edges of multiplicity at most two.7 Thus, applying Corollary 1
to H gives n2−n ≥ 4 · |E(G)| − 12n+24+∑v∈V (G)
(
deg(v)
2
)
≥ 4 ·u(n)− 12n+
24+n ·
(
1−
{
2u(n)
n
})
·
(
⌊ 2u(n)n ⌋
2
)
+n ·
{
2u(n)
n
}
·
(
⌈ 2u(n)n ⌉
2
)
(where {x} denotes
the fractional part of x). We have obtained our improved upper bounds for u(n)
from this formula.
6 Note that in [3] it is incorrectly stated also for n = 14 that the constructions were
proved to be unique.
7 We can again suppose that G has no vertex of degree two, as in that case we would
have u(n) ≤ u(n − 1) + 2, which would give a better upper bound for each n > 10
in the table.
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As can be seen, the upper bounds diverge quite fast from the lower bounds.
From around n = 600, Theorem 1 gives the best upper bound.
5 On 15 vertices 37 edges is best
We prove that u(15) = 37, i.e., among 15 points in the plane, there can be at
most 37 unit distances. The lower bound follows from the construction found
by Schade [16], see Table 1. The proof of the upper bound will follow from a
straight-forward case analysis. Let us assume that G15 is a UDG with 15 vertices
and at least 38 edges.
Proposition 1. G15 has 38 edges, 14 degree-5 vertices and 1 degree-6 vertex.
Proof. The bound on the number of edges follows from considering the edge
densities: u(15) ≤ ⌊ 1513 · u(14)⌋ < 39.
If G15 had a vertex whose degree is at most 4, then deleting this vertex would
leave a UDG on 14 vertices with at least 34 edges, contradicting u(14) = 33. But
since the sum of the degrees is 76, this is only possible as 76 = 14 · 5 + 6.
Also, in such a graph, all pairs of vertices with distance 1 form an edge,
otherwise there would be a UDG with 15 vertices and 39 edges.
The rest of the proof will not build on Schade’s results.
Denote the degree-6 vertex of G15 by o, the set of its 6 neighbors by N and
the remaining 8 vertices by R. Any vertex from R can have at most two neigh-
bors from N , otherwise they would form a K2,3 along with o, so there are at
most 16 edges between R and N . Also, any pair of vertices from N can have at
most one vertex from R as their common neighbor, otherwise they would form
a K2,3 along with o. The sum of the degrees of the vertices in N is 30. There are
6 edges that go to o, at most 16 to R, so there are at least 30−6−162 = 4 edges
among the vertices of N . We denote the neighborhood graph of o by G[N ]. Since
all the points of N lie on a unit circle, this means that G[N ] has either 6 or 4
edges. Moreover, if G[N ] has 4 edges, then each vertex from R has exactly two
neighbors from N . We call the two edges leading from an R to N a cherry. Note
that there can be at most one cherry on any two points of N , otherwise we would
have a K2,3 with o and the other two vertices of the cherries. The rest of the
proof is a case analysis of what G[N ] can be. We denote by Pi the path on i
vertices.
Case G[N ] = C6: (See Figure 1 left.) Denote the vertices of G[N ] in circular
order by v1, . . . , v6. Since there are 12 edges from N to R, by the pigeonhole
principle there are two that have a common neighbor. These must be adjacent,
so without loss of generality suppose r ∈ R is adjacent to v1 and v2. This r can-
not be adjacent to any of v3, . . . , v6, moreover, it cannot even have a common
neighbor with any of them (apart from v1 and v2), as their distance is at least
two. But v3, . . . , v6 are adjacent to at least 5 vertices from R, which leaves only
2 potential neighbors for r from R, contradicting that its degree is 5.
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o
v4
v5v6
v1
v2 v3r ‘
o
v4
v5
v3v2
v1
Fig. 1: G[N ] = C6 to the left and G[N ] = P5 ∪˙ P1 to the right. Edges of G[N ]
are denoted by thick, the edges between N and R are denoted by thin lines.
Case G[N ] = P5 ∪˙ P1: (See Figure 1 right.) Denote the vertices of the path
P5 in order by v1, . . . , v5. Vertex v1 should be the endpoint of 3 cherries, but it
cannot be in a cherry with any of v3, v4, v5 (the third vertex of the cherry with
v5 would be adjacent to o), a contradiction.
v4
v3
v2
v1
u1
u2
r
Fig. 2: G[N ] = P4 ∪˙ P2 is denoted by thick lines, the edges between N and R
are denoted by thin lines.
Case G[N ] = P4 ∪˙ P2: (See Figure 2.) Denote the vertices of P4 in order by
v1, . . . , v4 and the vertices of P2 by u1, u2. Vertex v1 should be the endpoint of 3
cherries, but it cannot be in a cherry with any of v3, v4, so it forms a cherry with
each of v2, u1, u2. Similarly, v4 forms a cherry with each of v3, u1, u2. Denote by
r the common neighbor of v1 and v2 from R. It is easy to check that r cannot be
adjacent to any of the other 5 points of R forming a cherry defined above. But
this leaves only 2 potential neighbors for r from R, contradicting that its degree
is 5.
Case G[N ] = P3 ∪˙ P3: (See Figure 3.) Denote the vertices of the P3’s in
order by v1, v2, v3 and u1, u2, u3. For all (i, j) ∈ {(1, 2), (2, 3)} call the common
neighbor of vi and vj , other than o (if exists), vij , and the common neighbor of
ui and uj , other than o (if exists), other than o uij . Also, for all i, j ∈ {1, 2, 3}
call the common neighbor of vi and uj , wij (if exists). Since all the vertices of R
are neighboring two vertices of N , and v1 and v3 do not have a common neighbor
outside o ∪ N , similarly to u1 and u3, all the vertices of R are from the above
defined points.
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o
u1
u2
u3
v1
v2
v3
w13
w12
w11
w23
w21
w33
w32
w31
v12
v23 u12
u23
w22
Fig. 3: G[N ] is denoted by thick black lines, the edges defining the vij ’s, uij ’s
and wij ’s are denoted by blue lines and C is denoted by red lines.
Now suppose that v12 and wij are neighbors in G15 for some i, j ∈ {1, 2, 3}.
Then i cannot be 3, as then wij would be a common neighbor of v12 and v3, but
their only common neighbor is v2. If i = 1 or 2, then again wij is the common
neighbor of vi and v12 and has distance 2 from o, thus only touching the unit
circle around it in vi, which contradicts to it neighboring uj. So v12 cannot have
any wij as a neighbor. Applying the same argument to v23, u12 and u23, we get
that if any of them is inside R, then they could only be each others neighbors,
and since R is 3-regular, they all exist and are all neighboring, thus forming a
K4, which is not a UDG, thus leading to a contradiction. So none of these four
points are in R.
So R consists of exactly 8 of the 9 wij ’s and since the degree of v2 and u2 to-
wards R is 2, while for all the other vertices, it is 3, w22 is the one missing. There
is a cycle C through all the points of R, in the order w11, w12, w13, w23, w33, w32,
w31, w21, which follows from
−−→owij = −→ovi + −→ouj. Every vertex in R has exactly
one more neighbor in R, these give 4 diagonals of C, forming a perfect matching
among its vertices. As |w11w13| = |w13w33| = |w33w31| = |w31w11| =
√
3 (see
Figure 3), the diagonals starting from w11, w13, w33 and w31 must connect them
with their 3rd or 4th neighbors. Since w11w13w33w31 forms a rhombus of side
length
√
3, at most one of its diagonals can have length 1. So we can suppose
without loss of generality that w13 is connected to w32. But then w13, w33, w23,
u3 and w32 form a K2,3, a contradiction.
This finishes the proof of all cases.
Remark 1. With similar methods one can show that if there is a UDG on 16
vertices with 42 edges, then it cannot have a vertex whose degree is at least 7.
As u(15) = 37, this implies that such a graph would contain 12 vertices of degree
5 and 4 vertices of degree 6.
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6 Conclusion
We have improved the best known bound for the number of unit distances among
n points in the plane with a constant factor. Though we have not explicitly
stated, our proofs also work for bounding the number of unit distances among
n points on a sphere, as does the crossing lemma. In case of general spheres the
best lower bound for the number of unit distances is Ω(n
√
logn) [19], while for
the sphere of radius 1/
√
2 the lower bound is Ω(n4/3) [8]. This sphere is special
because the distance of two points of the sphere is 1 if and only if the vectors from
the center to them are perpendicular to each other. Note that for this radius, and
no other, two unit circles around antipodal points coincide, and there are more
than two unit circles through a pair of antipodal points. So for 1/
√
2 our proof
only works with a slight modification, but with the same constant. If we also
suppose that no two vertices are antipodal, then we get an even better bound,
3
√
29
2 · n4/3 +O(n), which is less than 1.54n4/3 +O(n).
The construction of [8] is based on converting a set of n points and n lines
in the plane with I incidences to a set of 2n points on the sphere (none of them
antipodal) with I unit distances. It was proved by Szemere´di and Trotter [21]
that the maximum of I is O(n4/3) and this is sharp. The best known constant
factor bounds are 0.42n4/3 < I < 2.5n4/3 by [15] and [13], respectively.8 From
our proof and the above argument of [8], we only get a weaker upper bound for
I. But the lower bound 0.42n4/3 also shows the limitation of our method.
It would be natural to look at the same problem in the space. This was also
first studied by Erdo˝s [7], who proved the bounds Ω(n4/3 log logn) and O(n5/3),
by using the grid as a construction and by noticing that K3,3 is forbidden, while
the best current upper bound is O(n3/2) [11,23].
Finally, to make progress towards a o(n4/3) bound, it would be interesting to
study the extremal Tura´n-number of UDG. Denote by exu(n, F ) the number of
edges a UDG on n vertices can have without an F . What do we know about this
function for various F? The only result we are aware of is the simple exu(n,K3) =
Θ(u(n)). Another natural question is to study the possible number of occurrences
of some fixed graph F in a UDG. Denoting this by exu(#F, n), the only result
we are aware of is again the easy exu(#K3, n) = Θ(u(n)). For this and more
related results, see [3]. We would also like to remark that forbidden subgraphs
of UDG are also systematically studied, see [4,9].
Acknowledgement. The main result was obtained while working on the cur-
rently ongoing Polymath16 project about the Hadwiger–Nelson problem and is
related, but not directly connected to it.
We would like to thank Ge´za To´th for useful discussions about the multigraph
crossing lemma.
8 In fact, the upper bound since [13] reduced to 2.44n4/3 due to the improvement [1]
of the crossing lemma.
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